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CHAPTER I
INTRODUCTION
A coating is used to help protect metal from electrolyte solutions, thus prolonging the
onset of corrosion and extending the life of the metal. These coatings are typically
paint that has been applied to the metal. Some of these paints contain inhibitors that
exist to help strengthen barrier properties of the coating and mitigate the corrosion
process.
These inhibitors can be made with organic compounds or inorganic com-
pounds. Both types of inhibitors have properties that affect different parts of the
coating. The organic inhibitors primarily act as a barrier and affect the diffusion
through the coating and the inorganic inhibitors primarily affect the anodic current
density, Toussaint [1]. The focus of this honors project is to develop and solve a
mathematical model to examine inhibitors in coatings and the effects of inhibiting
the coating barrier properties and prolonging corrosion of a metal surface.
1.1 Approach
The senario modeled here is a metal plate that is coated on one side. The coating
is a paint that contains organic and inorganic inhibitors, which aid in prolonging
corrosion to the plate after water and oxygen are introduced. The organic inhibitors
1
are already dissolved in the coating. The inorganic inhibitors are in the coating as
solid particles that dissolve in the presence of water. There is a defect introduced
in the coating which results in it not protecting the metal. This makes it easier
for water and oxygen to diffuse through the defect site than the rest of the coating.
The model looks at a plate that is “1cm long” with a“100 micron” thick coating.
The defect is “0.05 cm” long. The metal properties in the model are for iron, but
these can be changed to properties of different metals. The model only looks at the
coated side of the plate. The coating is attached to the metal by an adhesive layer.
A protective passive layer also lies between the coating and the metal. The organic
inhibitors help strengthen the adhesion layer, which prolongs the degradation of the
layer as it remains in contact with the electrolyte. Once corrosion begins, a corrosion
product zone develops between the metal and the coating. The concentrations of
water, oxygen, organic inhibitor, and inorganic inhibitor are tracked in the coating
and the product zone. The damage of the metal from the corrosion is also tracked.
The model examines how the coating performs both with and without the inhibitors.
The model was created by defining two-dimensional partial differential equa-
tions that govern the transport of water, oxygen, the organic inhibitor, and the in-
organic inhibitor through the coating. The equations are non-dimensionalized. The
scaling factors are presented in Chapter 3. An asymptotic expansion is applied to
the concentration equations to reduce the spacial dimensionality. Three functions are
posed to model the effects of adhesion and a protective layer that exists between the
coating and the metal. The equations obtained from the asymptotic expansion are
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solved numerically using the Crank-Nicolson method. The boundary conditions are
lagged, meaning that the concentrations at the boundaries that are used in the model
are from the previous time step.
1.2 Literature Review
Schmitt [2] states that corrosion has a huge economic and environmental impact on
virtually all facets of the world’s infrastructure. Corrosion costs worldwide are around
$552B USD. Schmitt emphasizes that it is important to further corrosion research in
order to improve corrosion control.
Funke [3] describes the process through which coatings lose their adhesive
layer and then begin to blister. As coatings are exposed to water the adhesion sub-
stantially decreases. Salt water saturates the coating and the cations migrate to
cathodic areas which leads to a strong alkaline reaction in the blisters. As the blis-
ters form the adhesion still exists around the edge of the blister. Over time these
blisters grow as the reaction continues.
There has been theoretical modeling research done on paint coatings and how
they help prevent and prolong corrosion. Van Dyk [4] and York [5] modeled the dif-
fusion of water and oxygen through a paint coating to investigate the rate at which
a metal plate corrodes. Both models contain equations for the diffusion of water and
oxygen and equations for the paint film adhesion. Van Dyk’s model uses population
dynamic type differential equations that describe polymer population properties to
determine the adhesion strength and solves them using numerical simulations. York
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models the diffusion using partial differential equations that are solved numerically
after an asymptotic analysis is performed on the governing equations. York models
the adhesion using an empirically defined equation.
Dariva and Galio [6] and Papavinasam [7] explain how coating inhibitors
work. There are two main classifications of inhibitors - organic, which Papavinasam
calls mixed inhibitors and inorganic, which Papavinasam calls anodic and cathodic
inhibitors. The organic inhibitors mainly aid in creating a barrier between the coat-
ing and the metal. The inorganic inhibitors mainly affect the anodic and cathodic
curves. Dariva and Galio also mention that the organic inhibitors are soluble during
the coating application and need to be dispersed through the dried coating in order
to be effective. The cathodic inorganic inhibitors depend on the chemistry of the
water and are not affected by the metal composition.
Toussaint [1] discusses the benefits of coatings that contain both organic and
inorganic inhibitors. The combined inhibitors allow the coating to have high solubility
inhibitor (organic), which gives the coating short term protection and low solubility
inhibitor (inorganic), which gives the coating long term protection, through sustained
release of the inhibitors. The organic inhibitors help to create a protective layer and
improve the coating adhesion. Both of the inhibitors affect the anodic and cathodic
reactions to slow down the corrosion rate.
Rani and Basu [8] states that organic inhibitors are found to have higher
basicity and electron density which makes them good corrosion inhibitors. The per-
formance of an organic inhibitor is related to the chemical structure of the compound
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and physicochemical properties of the compound. Rani and Basu also state that the
inorganic inhibitors are effective at protecting against corrosion in acidic media.
Buchheit el at. [9] conducted experiments with crystalline hydrotalcite as
an organic inhibitor. The experiments show that these organic inhibitors are useful
in preventing corrosion because the crystalline hydrotalcite changes the anodic and
cathodic polarization curves. Elhalawany el at. [10] examines conducting polymer
nanoparticles as inhibitors in coatings. The experiments performed in the study show
how paints containing conducting polymer nanoparticles had a higher resistance to
corrosion than those without due to the particles enhancing the barrier effect.
Tan [11] uses electrochemical impedance spectroscopy to study the formation
and destruction of the inhibitor barrier. As the concentration of inhibitors decreases,
the film loses its strength and begins to break down due to the constant stress of the
water. After the film, starts to fail the water can easily come in contact with the
metal leading to the start of corrosion.
Phanasgaonkar el at. [12] conducted experiments to examine how both or-
ganic and inorganic inhibitors perform in marine environments. The study found
that the organic inhibitors were excellent at protecting the metal for extended peri-
ods while the inorganic inhibitors were good for short term protection of the coating.
This is because of the organic inhibitor’s ability to aid the barrier between the coating
and the metal and the inorganic inhibitor’s rapid initial diffusion through the coating.
Phanasgaonkar el at. also notes that the effectiveness of the inhibitors is dependent
on their concentration and the amount of chloride in the solution.
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Bastos el at. [13] compares the performance of zinc chromate and zinc phos-
phate inhibitors and their ability to prevent corrosion. The results show that both
pigments provide high inhibition efficiency due to the fact that they form a layer of
inhibitor on the metal surface. Bethencourt el at. [14] studies different zinc pigments
and how these pigments affect the polarization curve, thus slowing the corrosion pro-
cess. The experiments look at how the different pigments perform in solutions that
range from acidic to neutral to basic. The conclusion is that in neutral and basic so-
lutions zinc chromate is the best corrosion inhibitor, but in acidic solutions zinc-iron
phosphate is the best corrosion inhibitor. This paper provides experimental data on
the concentrations of the different inhibitors, which are used here. Naderi [15] also
experiments with zinc complexes to see how the polarization curves are shifted. The
experiments study inorganic and organic compounds; the addition of these inhibitors
resulted in a depression of the polarization curve and a shift in the corrosion poten-
tial.
Ameh and Nnabuk [16] discusses how the increase of corrosion inhibitors de-
creases the corrosion current. The presence of the inhibitors shifts the corrosion po-
tential to a more negative value thus slowing down corrosion. Ameh and Nnabuk also
discusses how the inhibitors block the actives sites for cathodic and anodic reactions,
which also protects the metal against corrosion. Palanivel [17] experimented with
coatings containing inhibitor applied to metal plates to investigate their efficiency
when immersed in 0.5M NaCl solution. The plates without the coating showed heavy
corrosion and pit formation, while the plates with the coating showed little to no
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corrosion. Palanivel tracks the polarization curves and notes that the inhibitors shift
the curves and suppress cathodic reactions.
Liu el at. [18] examines how the pigment volume concentration has a signifi-
cant influence on the rate of diffusion of water. The experiments vary the amount of
micaceous iron oxide to see how that affects the diffusion of water in the coating. As
the pigment volume concentration increased the diffusion of water decreased.
We are not aware of any mathematical models that describe how coatings con-
taining both organic and inorganic inhibitors help further prevent corrosion. Many
researchers have begun to experiment with coatings containing inhibitors, but there
is still much to learn. Coated metals are used in many industries, so it is important
to know what types of coatings will prevent corrosion over the longest time interval.
1.3 Main Results
The model presented in this honors project examines the transport of water and
oxygen into the coating and lengthwise along the coating and the metal. The two di-
mensional model shows how the organic and inorganic inhibitors improve the coating
properties, which helps to slow down the corrosion process.
The model tracks the concentrations of water, oxygen, the organic inhibitor,
and the inorganic inhibitor in the coating and the product zone. The equations for
the adhesive layer and protective layer have been taken from York [5]. The reactions
between chemical species in the bulk have been ignored in this model. The next
steps to improve the model would be to investigate inhibitors that create a resultant,
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known as a self-healing coating, and to study how a wet-dry cycle would affect the
corrosion.
Chapter 2 introduces the model formulation for the coating and product
zone. Chapter 3 discusses the non-dimensionalization and asymptotic analysis of the
model. The Crank-Nicolson procedure are outlined in Chapter 4. Conclusions and
future work are presented in Chapter 5.
8
CHAPTER II
THE DIMENSIONAL GOVERNING EQUATIONS
In this chapter the geometry of the model is established. The formulation of the
governing equations and the boundary conditions is also discussed. A table of all the
dimensional variables is included for reference at the end of this chapter.
2.1 Geometry
A metal plate of length L is covered in a coating of paint that has thickness d. The
outside of the coating, referred to as the bulk in the figures and text, is surrounded
by water, containing oxygen and the ionic species Cl−, OH−, H+, and Na+. Only
water and oxygen vary through the thickness of the coating. The other ionic species
are assumed to be constant through the coating thickness. The coating is held to
the metal by an adhesive layer and there is a thin protective oxide layer beneath the
adhesion layer. There is little known about these layers other than they act as barriers
to transport to the metal. We assume these layers have minimal thickness. The
coating contains two types of inhibitors, organic and inorganic. The organic inhibitors
are dissolved into the coating initially. The inorganic inhibitors are encapsulated in
particles that are spread throughout the coating and dissolve as water saturates the
coating. The inorganic particles have radius R and a release rate that is a function of
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the amount of water in the coating. The particles per area of the coating is represented
by ρ. In this model we track the concentrations of water, oxygen, organic inhibitors,
and inorganic inhibitors in the coating and the product zone. Figure (2.1) shows a
newly applied coating of thickness d with the adhesive and protective layers. In this
figure the horizontal axis is x˜ and the vertical axis is z˜. The coating boundaries are
defined as z˜ = w˜(x˜, t˜), at the bottom of the coating, and z˜ = w˜(x˜, t˜) + d, at the top
of the coating.
Inorganic Particles
d
Bulk
r
Coating
Metal
Adhesion Layer
Protective Layer
z˜ = w˜(x˜, t˜) = 0
z˜ = H˜(x˜, t˜) = 0
Figure 2.1: An intact coating contains both the adhesion layer and protective layer.
The thickness of the coating is d and inorganic inhibitors are spread throughout the
coating. At the start, w˜ = −H˜ = 0.
In this problem we introduce a defect to the coating that allows water and
oxygen to enter the coating faster than in the surrounding area. This defect is repre-
sented by changing the mass transfer coefficient for the specific location of the defect.
The location of the bottom of the coating is represented by the function w˜ and the
location of the metal surface is represented by the function z˜ = −H˜(x˜, t˜). As corro-
sion product builds up around the defect, w˜ and H˜ will change their spacial position.
The defect in the coating is shown in Figure (2.2).
Water and oxygen leak into the coating until it becomes saturated. As time
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Bulk Defect
Metal
Coating
z˜ = H˜(x˜, t˜) = 0
z˜ = w˜(x˜, t˜) = 0
Figure 2.2: A localized defect is introduced into the coating at the center of the metal
plate. The mass transfer coefficients are higher in the area of the defect.
progresses, the adhesive and protective layers degrade due to contact with the water
and the presence of ionic species. Once the adhesive and protective layers are gone,
there is nothing left to protect the metal from the electrolyte and corrosion begins.
A corrosion product begins to form over time and the product builds up, causing the
coating to swell. As shown in Figure (2.3), the coating thickness d is assumed to
remain constant as the product zone grows.
Bulk
Coating
Metal
z˜ = w˜(x˜, t˜) d
Product Zone
z˜ = H˜(x˜, t˜)
Figure 2.3: A product zone is formed after corrosion begins. The coating thickness d
is unchanged as the product zone grows.
2.2 Model Formulation
The model formulation consists of the governing equations and the boundary condi-
tions. All of the quantities in this section are dimensional.
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2.2.1 Governing Equations
Water, oxygen, organic inhibitors, and inorganic inhibitors travel in and out of the
coating as well as through the coating in the x˜ and z˜ directions via diffusion. Hence,
the governing equations for the transport of these species are
W˜ct˜ = ˜[Dw(I1)W˜cx˜]x˜ + [D˜w(I1)W˜cz˜]z˜, (2.1)
O˜ct˜ = ˜[Do(I1)O˜cx˜]x˜ + [D˜o(I1)O˜cz˜]z˜, (2.2)
I˜1ct˜ =
˜[DI1(I1)I˜1cx˜ ]x˜ + [D˜I1(I1)I˜1cz˜ ]z˜, (2.3)
I˜2ct˜ =
˜[DI2(I1)I˜2cx˜ ]x˜ + [D˜I2(I1)I˜2cz˜ ]z˜ + S˜(x˜, t˜). (2.4)
Here W˜ , O˜, I˜1, and I˜2 represent the dimensional concentrations of water, oxygen,
organic inhibitors, and inorganic inhibitors, respectively. The subscript c indicates
that these are concentrations in the coating. The dimensional diffusivity is repre-
sented by D˜w for water, D˜o for oxygen, D˜11 for the organic inhibitors, and D˜I2 for
the inorganic inhibitors. In this model, we assume the diffusivities are the same in
both the coating and the product zone. The diffusivities are also assumed to be a
function of the organic inhibitor concentration I˜1. As the concentration of the organic
inhibitor decreases, the diffusivity of each species increases. There is a source term
in the inorganic inhibitor equation represented by S˜(x˜, t˜). The source represents the
dissolution of the inorganic particles, which releases the inorganic inhibitor into the
coating. This source is a function of the x˜ direction and time.
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The transport equations are similar in the product zone:
W˜pt˜ = ˜[Dw(I1)W˜px˜]x˜ + [D˜w(I1)W˜pz˜]z˜, (2.5)
O˜pt˜ = ˜[Do(I1)O˜px˜]x˜ + [D˜o(I1)O˜pz˜]z˜, (2.6)
I˜1pt˜ =
˜[DI1(I1)I˜1px˜ ]x˜ + [D˜I1(I1)I˜1pz˜ ]z˜, (2.7)
I˜2pt˜ =
˜[DI2(I1)I˜2px˜ ]x˜ + [D˜I2(I1)I˜2pz˜ ]z˜. (2.8)
Here W˜p, O˜p, I˜1p , and I˜2p represent the concentrations of water, oxygen, organic
inhibitors, and inorganic inhibitors in the product zone, respectively.
2.2.2 Boundary Conditions
In this problem there are three different boundaries - between the bulk and the
coating, between the coating and the product zone, and between the product zone
and the metal plate.
At the top of the coating, both water and oxygen are transported into the
coating. The inhibitors already in the coating can leak out the top of the coating
into the bulk. The boundary conditions here are
˜−Dw(I1) ∂˜W
∂nˆ
= k1w(W˜c −Wbulk), (2.9)
−˜Do(I1) ∂˜O
∂nˆ
= k1o(O˜c − Obulk), (2.10)
˜−DI1(I1)
∂˜I1
∂nˆ
= k1I1 I˜1c, (2.11)
˜−DI2(I1)
∂˜I2
∂nˆ
= k1I2 I˜2c. (2.12)
Here ∂˜W∂nˆ ,
∂˜O
∂nˆ ,
∂˜I1
∂nˆ , and
∂˜I2
∂nˆ represent the rates of change of the water, oxygen, organic
inhibitor, and inorganic inhibitor concentrations in the normal direction pointing
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away from the coating towards the bulk. The mass transfer coefficient is represented
by k1w, for water, k1o, for oxygen, k1I1 , for the organic inhibitors, and k1I2 for the
inorganic inhibitors. The subscript 1 indicates mass transport between the bulk and
coating. Wbulk and Obulk refer to the bulk concentrations of water and oxygen. There
are no inhibitors in the bulk, so the bulk values for the inhibitors are equal to zero.
As long as the bulk concentration is greater than the concentration in the coating,
the species will transport into the coating.
To find the normal derivative along the bulk/coating interface,
z˜ = w˜(x˜, t˜) + d, (2.13)
consider the function
f˜(x˜, z˜, t˜) = z˜ − w˜(x˜, t˜)− d. (2.14)
The normal vector to this surface is:
nˆ =
∇f
|∇f | =
< −w˜x˜, 1 >√
1 + w˜2x˜
. (2.15)
Thus, the normal derivative of W˜c at this boundary is
∂˜W
∂nˆ
= ∇W˜c · nˆ
=< W˜cx˜ , W˜cz˜ > ·
< −w˜x˜, 1 >√
1 + w˜2x˜
=
−W˜cx˜w˜x˜ + W˜cz˜√
1 + w˜2x˜
.
(2.16)
Hence, boundary condition (2.9) becomes
˜−Dw(I1)−W˜cx˜w˜x˜ + W˜cz˜√
1 + w˜2x˜
= k1w(W˜c −Wbulk). (2.17)
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Similarly, the boundary conditions for oxygen and both inhibitors are
−˜Do(I1)−O˜cx˜w˜x˜ + O˜cz˜√
1 + w˜2x˜
= k1o(O˜c − Obulk), (2.18)
˜−DI1(I1)
−I˜1cx˜w˜x˜ + I˜1cz˜√
1 + w˜2x˜
= k1I1 I˜1c, (2.19)
˜−DI2(I1)
−I˜2cx˜w˜x˜ + I˜2cz˜√
1 + w˜2x˜
= k1I2 I˜2c. (2.20)
At the bottom surface of the coating, z˜ = w˜, water, oxygen, organic and inor-
ganic inhibitors transport between the coating and the product zone. The boundary
conditions at this interface are
˜−Dw(I1) ∂˜W
∂nˆ
= k2w(W˜c − W˜p), (2.21)
−˜Do(I1) ∂˜O
∂nˆ
= k2o(O˜c − O˜p), (2.22)
˜−DI1(I1)
∂˜I1
∂nˆ
= k2I1(I˜1c − I˜1p), (2.23)
˜−DI2(I1)
∂˜I2
∂nˆ
= k2I2(I˜2c − I˜2p). (2.24)
In these equations, the subscript 2 refers to the mass transfer coefficient of each species
between the coating and the product zone. At this interface, the normal direction out
of the coating points down. Therefore the surface function is redefined as f = w˜− z˜,
with the gradient of f being ∇f =< w˜x˜,−1 >. The normal derivatives are found the
same way as before. Therefore the boundary conditions at z˜ = w˜ are
˜−Dw(I1)W˜cx˜w˜x˜ − W˜cz˜√
1 + w˜2x˜
= k2w(W˜c − W˜p), (2.25)
−˜Do(I1)O˜cx˜w˜x˜ − O˜cz˜√
1 + w˜2x˜
= k2o(O˜c − O˜p), (2.26)
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˜−DI1(I1)
I˜1cx˜w˜x˜ − I˜1cz˜√
1 + w˜2x˜
= k2I1(I˜1c − I˜1p), (2.27)
˜−DI2(I1)
I˜2cx˜w˜x˜ − I˜2cz˜√
1 + w˜2x˜
= k2I2(I˜2c − I˜2p). (2.28)
At the metal surface, there is no transport of water, oxygen, and the inorganic
inhibitor. The normal at this interface points down. The boundary conditions for
these species at the z˜ = −H˜(x˜, t˜) interface are
˜−Dw(I1)−W˜px˜H˜x˜ − W˜pz˜√
1 + H˜2x˜
= 0, (2.29)
−˜Do(I1)−O˜px˜H˜x˜ − O˜pz˜√
1 + H˜2x˜
= 0, (2.30)
˜−DI2(I1)
−I˜2px˜H˜x˜ − I˜2pz˜√
1 + H˜2x˜
= 0. (2.31)
The organic inhibitors act as a barrier between the metal and the electrolyte. They
bond with the metal as a way of preventing corrosion. Due to this, there is a loss
of organic inhibitors at the metal interface. The boundary condition for the organic
inhibitors is
˜−DI1(I1)
−I˜1px˜H˜x˜ − I˜1pz˜√
1 + H˜2x˜
= k3I1 I˜1p. (2.32)
In this equation k3I1 represents the mass transport of the organic inhibitor between
the metal and the product zone.
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Table 2.1: Dimensional Variables
Variable Name Label Units
Coating Thickness d cm
Coating Length L cm
Conc. of Water in Coating W˜c mol/cm3
Conc. of Oxygen in Coating O˜c mol/cm3
Conc. of Organic Inhibitor in Coating I˜1c mol/cm3
Conc. of Inorganic Inhibitor in Coating I˜2c mol/cm3
Conc. of Water in Product Zone W˜p mol/cm3
Conc. of Oxygen in Product Zone O˜p mol/cm3
Conc. of Organic Inhibitor in Product Zone I˜1p mol/cm3
Conc. of Inorganic Inhibitor in Product Zone I˜2p mol/cm3
Diffusivity of Water D˜W cm2/s
Diffusivity of Oxygen D˜O cm2/s
Diffusivity of Organic Inhibitor D˜11 cm
2/s
Diffusivity of Inorganic Inhibitor D˜12 cm
2/s
Bulk Value for Water Wbulk mol/cm3
Bulk Value for Oxygen Obulk mol/cm3
Bulk/Coating Mass Transfer Coefficient k1 cm/s
Coating/Product Zone Mass Transfer Coefficient k2 cm/s
Product Zone/Metal Mass Transfer Coefficient k3 cm/s
Bottom Surface of the Coating w˜ cm
The Metal Interface H˜ cm
17
CHAPTER III
ASYMPTOTIC ANALYSIS AND NON-DIMENSIONALIZATION
In this chapter, the non-dimensionalization and asymptotic expansion of the govern-
ing equations established in Chapter 2 are presented. Further, the equations for the
adhesive and protective layers, along with the equations for w˜(x˜, t˜) and H˜(x˜, t˜), are
established. A table of all the non-dimensional groupings is included at the end of
the chapter for reference.
3.1 Non-dimensionalization
The values in the z˜ direction are non-dimensionalized by d, the coating thickness.
Thus the non-dimensional coating thickness is 1. The quantities being scaled by d
are:
z =
z˜
d
, (3.1)
w =
w˜
d
, (3.2)
H =
H˜
d
. (3.3)
The values with tildes are the dimensional quantities and the values without tildes are
the non-dimensional quantities. The values in the x direction are non-dimensionalized
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by L, the length of the metal plate. Hence we define
x =
x˜
L
. (3.4)
The water and oxygen concentrations are non-dimensionalized by dividing by their
respective bulk values so that
Wc =
W˜c
Wbulk
, (3.5)
Wp =
W˜p
Wbulk
, (3.6)
Oc =
O˜c
Obulk
, (3.7)
Op =
O˜p
Obulk
. (3.8)
The organic inhibitor is non-dimensionalized by the initial concentration of the or-
ganic inhibitor in the coating, I1c(x, 0). The inorganic inhibitor is non-dimensionalized
by C0, the concentration of inorganic inhibitor within the pigment. Hence, we define
I1c =
I˜1c
I1c(x, 0)
, (3.9)
I1p =
I˜1p
I1c(x, 0)
, (3.10)
I2c =
I˜2c
C0
, (3.11)
I2p =
I˜2p
C0
. (3.12)
The source term in the inorganic inhibitor coating equation is non-dimensionalized
by S⋆, the characteristic source quantity, so that the non-dimensional quantity is
S(x, t) =
S˜(x˜, t˜)
S⋆
, (3.13)
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where S⋆ = 4πR2rr⋆ρ, the release rate of the inhibitor due to dissolution of the
pigment particle, and the source equation used is max
(
0,
(
1− rr(Wc)t⋆tC0R
)2)
. This
function represents the slow release of inorganic inhibitor over time. The diffusivities
are non-dimensionalized by D⋆,
Dw(I1) =
D˜w(I1)
D⋆
, (3.14)
Do(I1) =
D˜o(I1)
D⋆
, (3.15)
DI1(I1) =
D˜I1(I1)
D⋆
, (3.16)
DI2(I1) =
D˜I2(I1)
D⋆
, (3.17)
where D⋆ is a characteristic diffusion coefficient. Time is non-dimensionalized by the
scale T ,
t =
t˜
T
, (3.18)
where T is defined in York [5]. In York [5], the time scale is determined by considering
the growth rate of the damage to the metal surface z˜ = −H˜(x˜, z˜) and using Faraday’s
Law. Hence, the equation for T is
T =
z⋆Fρmd
i⋆Mw
, (3.19)
where z⋆ is the valency number of ions of the metal, F is Faraday’s constant, ρm is the
density of the metal, i⋆ is a characteristic current density that was used in the non-
dimensionalization of Faraday’s Law, and Mw is the molecular weight of the metal in
the plate. The magnitude for time has been calculated to be T = 25887.9 = O(1).
Governing equation (2.1) for the water concentration in the coating is non-
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dimensionalized according to
Wbulk
T
Wct =
Wbulk
L2
D⋆[Dw(I1)Wcx]x +
Wbulk
d2
D⋆[Dw(I1)Wcz]z. (3.20)
Multiplying by d
2
D⋆Wbulk
yields
d2
D⋆T
Wct =
d2
L2
[Dw(I1)Wcx]x + [Dw(I1)Wcz]z. (3.21)
By multiplying the left side of the equation by L
2
L2 , the dimensional group
L2
D⋆T is
created. This group is denoted as Φ; it represents the ratio of the time for diffusion in
the lateral direction to the time for corrosion damage. The water transport equation
is then written as
Φ
d2
L2
Wct =
d2
L2
[Dw(I1)Wcx]x + [Dw(I1)Wcz]z. (3.22)
The equations for the concentration of water in the product zone as well as those for
oxygen and both inhibitors in the coating and the product zone are derived similarly:
Φ
d2
L2
Wpt =
d2
L2
[Dw(I1)Wpx]x + [Dw(I1)Wpz]z, (3.23)
Φ
d2
L2
Oct =
d2
L2
[Do(I1)Ocx]x + [Do(I1)Ocz]z, (3.24)
Φ
d2
L2
Opt =
d2
L2
[Do(I1)Opx]x + [Do(I1)Opz]z, (3.25)
Φ
d2
L2
I1ct =
d2
L2
[DI1(I1)I1cx ]x + [DI1(I1)I1cz ]z, (3.26)
Φ
d2
L2
I1pt =
d2
L2
[DI1(I1)I1px ]x + [DI1(I1)I1pz ]z, (3.27)
Φ
d2
L2
I2ct =
d2
L2
[DI2(I1)I2cx ]x + [DI2(I1)I2cz ]z +
d2
L2
L2S⋆
D⋆C0
S(x, t), (3.28)
Φ
d2
L2
I2pt =
d2
L2
[DI2(I1)I2px ]x + [DI2(I1)I2pz ]z. (3.29)
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Note that the source term in the inorganic inhibitor equation, (3.28), has also been
multiplied by L
2
L2 in order to create two non-dimensional groups,
d2
L2 and
L2S⋆
D⋆C⋆ . The
latter group is the ratio of the time for diffusion in the lateral direction to the time
for release of the inhibitor. It is also important to note that for each species the
diffusivities depend on I1. This is because Toussaint [1] states that the organic in-
hibitors reduce permeability through the coating, thus affecting the diffusivity of
species through the coating.
The boundary conditions use the same values for non-dimensionalization.
Considering first the bulk/coating interface, z = w + 1, we see the boundary condi-
tion (2.17) for water becomes
−D⋆Dw(I1)−
Wbulk
L
d
LWcxwx +
Wbulk
d Wcz√
1 +
(
d
L
)2
w2x
= k1w(WbulkWc −Wbulk). (3.30)
Multiplying through by d and dividing by D⋆ produces
−Dw(I1)
− d2L2Wcxwx +Wcz√
1 + d
2
L2w
2
x
=
k1wd
D⋆
(Wc − 1). (3.31)
Similarly, the other bulk/coating boundary conditions are
−Do(I1)−
d2
L2Ocxwx +Ocz√
1 + d
2
L2w
2
x
=
k1od
D⋆
(Oc − 1), (3.32)
−DI1(I1)
− d2L2 I1cxwx + I1cz√
1 + d
2
L2w
2
x
=
k1I1d
D⋆
(I1c), (3.33)
−DI2(I1)
− d2L2 I2cxwx + I2cz√
1 + d
2
L2w
2
x
=
k1I2d
D⋆
(I2c). (3.34)
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The boundary conditions at the coating/product zone, z = w, and at the metal
interface, z = H , are non-dimensionalized in the same way. These conditions become
−Dw(I1)
− d2L2Wcxwx +Wcz√
1 + d
2
L2w
2
x
=
k2wd
D⋆
(Wc −Wp), (3.35)
−Do(I1)−
d2
L2Ocxwx +Ocz√
1 + d
2
L2w
2
x
=
k2od
D⋆
(Oc − Op), (3.36)
−DI1(I1)
− d2L2 I1cxwx + I1cz√
1 + d
2
L2w
2
x
=
k2I1d
D⋆
(I1c − I1p), (3.37)
−DI2(I1)
− d2L2 I2cxwx + I2cz√
1 + d
2
L2w
2
x
=
k2I2d
D⋆
(I2c − I2p), (3.38)
all at z = w and
−Dw(I1)−
d2
L2Wpxwx +Wpz√
1 + d
2
L2w
2
x
= 0, (3.39)
−Do(I1)
− d2L2Opxwx +Opz√
1 + d
2
L2w
2
x
= 0, (3.40)
−DI1(I1)
− d2L2 I1pxwx + I1pz√
1 + d
2
L2w
2
x
= 0, (3.41)
−DI2(I1)
− d2L2 I2pxwx + I2pz√
1 + d
2
L2w
2
x
=
k3I2d
D⋆
, (3.42)
all at z = H .
3.2 Asymptotic Analysis
Given that d is much less than L, we consider an asymptotic analysis to simplify the
governing equations. We define the non-dimensional parameter
ε =
d
L
. (3.43)
23
Using the ε notation the governing equations (3.22)-(3.29) become
Φε2Wct = ε
2[Dw(I1)Wcx]x + [Dw(I1)Wcz]z, (3.44)
Φε2Wpt = ε
2[Dw(I1)Wpx]x + [Dw(I1)Wpz]z, (3.45)
Φε2Oct = ε
2[Do(I1)Ocx]x + [Do(I1)Ocz]z, (3.46)
Φε2Opt = ε
2[Do(I1)Opx]x + [Do(I1)Opz]z, (3.47)
Φε2I1ct = ε
2[DI1(I1)I1cx ]x + [DI1(I1)I1cz ]z, (3.48)
Φε2I1pt = ε
2[DI1(I1)I1px ]x + [DI1(I1)I1pz ]z, (3.49)
Φε2I2ct = ε
2[DI2(I1)I2cx ]x + [DI2(I1)I2cz ]z + ε
2 L
2S⋆
D⋆C⋆
S(x, t), (3.50)
Φε2I2pt = ε
2[DI2(I1)I2px ]x + [DI2(I1)I2pz ]z. (3.51)
The equations all have a similar structure, so the asymptotic analysis is illustrated
on a generic equation.
3.2.1 Coating
The governing equations (3.44), (3.46), (3.48), and (3.50) all have the similar generic
structure
Φε2Ct = ε
2[D(I1)Cx]x + [D(I1)Cz]z + ε
2 L
2S⋆
D⋆C⋆
S(x, t). (3.52)
We expand C as
C = C0(x, z, t) + ε
2C1(x, z, t) + ε
4C2(x, z, t) + · · ·. (3.53)
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Substituting this expansion into (3.52) yields
Φε2(C0t + ε
2C1t) = ε
2[D(I1)(C0x + ε
2C1x)]x
+ [D(I1)(C0z + ε
2C1z)]z + ε
2 L
2S⋆
D⋆C⋆
S(x, t). (3.54)
At O(1), the governing equation is
[D(I1)C0z]z = 0, (3.55)
subject to the two conditions
−D(I1)C0z = 0, z = 1 + w, (3.56)
D(I1)C0z = 0, z = w. (3.57)
Integrate (3.55) once with respect to z to find
D(I1)C0z = G(x, t), (3.58)
where G is an arbitrary function of x and t. Equations (3.56) and (3.57) show that
there is no flux across the z = w and z = w + 1 interfaces at this order. Therefore
D(I1)C0z = 0. (3.59)
The diffusivity is not zero so
C0z = 0. (3.60)
Integrating once more with respect to z yields
C0 = A(x, t). (3.61)
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Here, A(x, t) is an arbitrary function of x and t. At O(ε2) the governing equation is
[D(I1)C1z]z = ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t). (3.62)
The right hand side of the equation is constant with respect to z; therefore, integrating
once results in
D(I1)C1z =
[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
z +B(x, t). (3.63)
The function B(x, t) is found using this equation and the boundary conditions at
z = w and z = w + 1. The generalized form of the boundary conditions, (3.31)-
(3.34), at the bulk/coating interface is
−D(I1)−ε
2Cxwx + Cz√
1 + ε2w2x
=
k1d2
D⋆
(C − 1), (3.64)
and the generalized form of the boundary conditions, (3.35)-(3.38), at the coating
product zone interface is
−D(I1)−ε
2Cxwx + Cz√
1 + ε2w2x
=
k2d2
D⋆
(C − Cp). (3.65)
Here Cp is the generalized concentration of the species in the product zone. Applying
the asymptotic expansion C = A+ ε2C1, along with the asymptotic expansion
1√
1 + ε2wx
= 1− 1
2
ε2wx (3.66)
to the boundary condition, (3.64), at z = w + 1 we find the O(ε2) equation is
−D(I1)C1z = k1d
D⋆
(A− 1)−D(I1)Axwx. (3.67)
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Similarly at z = w, the O(ε2) equation is
D(I1)C1z =
k2d
D⋆
(A− Cp) +D(I1)Axwx. (3.68)
To solve for B, set z = w in equation (3.63) and apply (3.68),
k2d
D⋆
(A−Cp)+D(I1)Axwx =
[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
w+B(x, t). (3.69)
Then
B(x, t) =
k2d
D⋆
(A−Cp)+D(I1)Axwx−
[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
w. (3.70)
Now evaluate (3.63) at z = w + 1 and apply (3.67) to find
−k1d
D⋆
(A− 1) +D(I1)Axwx =
[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
(w + 1) +B(x, t).
(3.71)
Using the equation for B, (3.70), we determine[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
(w + 1)
−
[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
w
+
k2d
D⋆
(A− Cp) +D(I1)Axwx = −k1d
D⋆
(A− 1) +D(I1)Axwx,[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
+
k2d
D⋆
(A− Cp) +D(I1)Axwx = −k1d
D⋆
(A− 1) +D(I1)Axwx,[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
= −k1d
D⋆
(A− 1) +D(I1)Axwx
−k2d
D⋆
(A− Cp)−D(I1)Axwx,
which simplifies to[
ΦAt − [D(I1)Ax]x − L
2S⋆
D⋆C⋆
S(x, t)
]
= −k1d
D⋆
(A− 1)− k2d
D⋆
(A− Cp). (3.72)
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This equation is a PDE for the unknown leading order concentration. This generic
formula can be applied to the governing equations for the water, oxygen, organic
inhibitor, and inorganic inhibitor to determine
ΦWct − [D(I1)wWcx]x = −k1wd
D⋆
(Wc − 1)− k2wd
D⋆
(Wc −Wp), (3.73)
ΦOct − [D(I1)oOcx]x = −k1od
D⋆
(Oc − 1)− k2od
D⋆
(Oc − Op), (3.74)
ΦI1ct − [D(I1)I1I1cx]x = −
k1I1d
D⋆
(I1c)− k2I1d
D⋆
(I1c − I1p), (3.75)
ΦI2ct − [D(I1)I2I2cx]x = −
k1I2d
D⋆
(I2c)− k2I2d
D⋆
(I2c − I2p) (3.76)
+
4πR2rr⋆ρL2
C⋆D⋆
max
(
0,
(
1− rr(Wc)t
⋆t
C0R
)2)
. (3.77)
3.2.2 The Product Zone
The equations for the product zone are derived in a similar fashion. What changes
are the pair of boundary conditions used to solve for the arbitrary function B. The
boundary condition for the product zone at z = w, (3.65), is
−D(I1)Cp1z = k2d
D⋆
(Ap − C)−D(I1)Apxwx. (3.78)
Here, Cp1 is the generic concentration of species in the product zone at O(ε2), and Ap
is the product zone equivalent of A in the coating. C is the generic concentration of
species in the coating. At z = −H the expansion of the generic boundary condition
for water, oxygen and the inorganic inhibitor becomes
−D(I1)Cp1z = −D(I1)ApxHx. (3.79)
The boundary condition expansion for the organic inhibitor at z = −H is
−D(I1)Cp1z = k3d
D⋆
−D(I1)ApxHx, (3.80)
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due to the loss of inhibitor via reaction with the metal.
As with the coating, integrate (3.52) twice over z and apply the boundary
conditions (3.78) and (3.79) or (3.80) for the organic inhibitor, to find the function
of integration B. The resulting non-dimensional equations for the product zone are
ΦWpt − [D(I1)wWpx]x = −k2wd
D⋆
(Wp −Wc), (3.81)
ΦOpt − [D(I1)oOpx]x = −k2od
D⋆
(Op − Oc), (3.82)
ΦI1pt − [D(I1)I1I1px]x = −
k2I1d
D⋆
(I1p − I1c)− k3I1d
D⋆
(I1p), (3.83)
ΦI2pt − [D(I1)I2I2px]x = −
k2I2d
D⋆
(I2p − I2c). (3.84)
3.3 Adhesion Layer, Protective Layer, and Corrosion Damage Function
This section presents the functions used to model the adhesive layer, the protective
layer and the corrosion damage.
3.3.1 Adhesive and Protective Layers
Adhesive and protective layers exist between the coating and the metal. These layers
act as barriers that prevent the water and oxygen from getting to the metal. These
layers degrade over time, and eventually the water and oxygen diffuse through the
coating and come in contact with the metal. The following three functions, taken
from York [5], are used to qualitatively simulate the effects of the two layers.
The first function, called water, depends on the concentration of water in the
coating. It is
water(x, t) = .5{1 + tanh[scaleW (Wc − threshold)]}. (3.85)
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The function is scaled between zero and one as Wc increases to its max value. The
parameter threshold is calibrated so that the adhesive and protective layers degrade
at rates consistent with experimental observations. The scaleW value controls how
quickly the function goes from zero to one. This function is used in the adhesive and
protective layers to phenomenologically capture the effect that water has on these
layers.
The adhesive layer is modeled by the function Adh(water) where
Adh(water) = 1− 1
1 + ( 10.001 − 1)e
−scaleAdh∗PH∗water∗t
1+I1c
. (3.86)
The parameter scaleAdh is used to control how quickly Adh transitions from one to
zero. PH is included because it is known that higher PH values make the adhesive
layer fail more quickly. The I1c term represents the concentration of the organic
inhibitor in the coating. Toussaint [1] states that the organic inhibitors help improve
the protective properties of the coating. The adhesive layer degrades slowly while the
concentration of organic inhibitors is high. As the organic inhibitors are lost to the
bulk and to reactions in the product zone, the adhesive layer degrades faster.
This layer lies beneath the coating and does not let species permeate to the
metal surface until this layer is dissolved. Initially water = 0, so Adh = 1 and there
is no transport at the coating/metal interface. As water increases, Adh decreases
so there is increased transport at this interface. The adhesion affects the transport
through the coating/product zone interface, and so we assume adhesive breakdown
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is modeled by modifying equation (3.68) to the form
D(I1)C1z =
k2d
D⋆
(1− Adh)(A− Cp) +D(I1)Axwx, (3.87)
The protective layer is represented by the function P (water). We assume the
protective layer behaves differently than the adhesive layer. Rather than acting like
a barrier, the protective layer phenomenologically captures the role of the inhibitor
in altering the electrochemical reactions at the metal surface until this layer has
degraded. The function for the protective layer decreases from one to zero and is
defined by
P (water) = 1− 1
1 + ( 10.001 − 1)e
−scaleP∗water∗Cl∗Op∗t
PH∗(1+I1c)
. (3.88)
Toussaint [1] states that the organic inhibitors help the protective layer form, so like
the adhesive layer, the concentration of the organic inhibitor in the coating is included
in the protective layer equation. The higher PH values cause the protective layer
to degrade more slowly, which is why the exponent is divided by PH . The factor
scaleP acts like scaleAdh in that it controls the rate that P decreases to zero. The
protective layer also depends on the amount of oxygen present in the product zone,
Op, as well as the concentration of chloride ions, Cl, in the bulk, assumed to be sea
water. The protective layer lies directly above the metal, so water is modified to use
Wp in place of Wc in (3.85).
3.3.2 Damage Function
The non-dimensional system to determine metal damage due to corrosion has been
taken from York [5]. Ht is determined using Faraday’s Law and w(x, t) is determined
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by the ratio of product to metal volume. These equations are
Ht = i, (3.89)
w =
(
ρFe − ρCP
ρCP
)
H. (3.90)
Here, ρFe is the density of iron and ρCP is the density of the corrosion product. The
protective layer affects the growth of damage, so the Ht function is modified to be
Ht = (1− P )i. (3.91)
To summarize the model, the coating equations (3.73)-(3.77) are
ΦWct − [D(I1)wWcx]x = −k1wd
D⋆
(Wc − 1)− k2wd
D⋆
(1− Adh)(Wc −Wp), (3.92)
ΦOct − [D(I1)oOcx]x = −k1od
D⋆
(Oc − 1)− k2od
D⋆
(1− Adh)(Oc − Op), (3.93)
ΦI1ct − [D(I1)I1I1cx]x = −
k1I1d
D⋆
(I1c)− k2I1d
D⋆
(1− Adh)(I1c − I1p), (3.94)
ΦI2ct − [D(I1)I2I2cx]x = −
k1I2d
D⋆
(I2c)− k2I2d
D⋆
(1− Adh)(I2c − I2p)
+
4πR2rr⋆ρL2
C0D⋆
max
(
0,
(
1− rr(Wc)t
⋆t
C0R
)2)
. (3.95)
The boundary conditions for water, oxygen, organic inhibitor, and inorganic inhibitor
at x = 0 and x = 1 are
∂Wc
∂x
= 0, (3.96)
∂Oc
∂x
= 0, (3.97)
∂I1c
∂x
= 0, (3.98)
∂I2c
∂x
= 0. (3.99)
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These boundary conditions were chosen so that there is no flux of species through
the side of the domain characterizing fully protective coating regions. Initially, the
model assumes no water, oxygen or inorganic inhibitors and a specified amount of
organic inhibitors in the coating, leading to the non-dimensional initial conditions
Wc = 0, (3.100)
Oc = 0, (3.101)
I1c = 1, (3.102)
I2c = 0. (3.103)
The product zone equations, (3.81)-(3.84), become
Φ(w +H)Wpt − [D(I1)w(w +H)Wpx]x =− k2wd
D⋆
(1− Adh)(Wp −Wc), (3.104)
Φ(w +H)Opt − [D(I1)o(w +H)Opx]x =− k2od
D⋆
(1− Adh)(Op −Oc), (3.105)
Φ(w +H)I1pt − [D(I1)I1(w +H)I1px]x =−
k2I1d
D⋆
(1− Adh)(I1p − I1c) (3.106)
− k3I1d
D⋆
(I1p),
Φ(w +H)I2pt − [D(I1)I2(w +H)I2px]x =−
k2I2d
D⋆
(1− Adh)(I2p − I2c). (3.107)
The boundary conditions for the product zone at x = 0 and x = 1 are
∂Wp
∂x
= 0, (3.108)
∂Op
∂x
= 0, (3.109)
∂I1p
∂x
= 0, (3.110)
∂I2p
∂x
= 0. (3.111)
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There are no species in the product zone so all the initial conditions are
Wp = 0, (3.112)
Op = 0, (3.113)
I1p = 0, (3.114)
I2p = 0. (3.115)
The equation for water is
water(x, t) = .5{1 + tanh[scaleW (Wc − threshold)]}, (3.116)
the adhesive and protective equations are
Adh(water) = 1− 1
1 + ( 10.001 − 1)e
−scaleAdh∗PH∗water∗t
1+I1c
, (3.117)
P (water) = 1− 1
1 + ( 10.001 − 1)e
−scaleP∗water∗Cl∗Op∗t
PH∗(1+I1c)
, (3.118)
and the corrosion damage equations are
Ht = (1− P )i, (3.119)
w =
(
ρFe − ρCP
ρCP
)
H. (3.120)
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Table 3.1: Non-dimensional Variables
Variable Name Label Non-Dimensionalization
The z Direction z z˜/d
The bottom surface of the coating w w˜/d
The metal Surface H H˜/d
The x Direction x x˜/L
Conc. of Water in Coating Wc W˜c/Wbulk
Conc. of Oxygen in Coating Oc O˜c/Obulk
Conc. of Organic Inhibitor in Coating I1c I˜1c/I1c(x, 0)
Conc. of Inorganic Inhibitor in Coating I2c I˜2c/C0
Conc. of Water in Product Zone Wp W˜p/Wbulk
Conc. of Oxygen in Product Zone Op O˜p/Obulk
Conc. of Organic Inhibitor inProduct Zone I1p I˜1p/I1c(x, 0)
Conc. of Inorganic Inhibitor in Product Zone I2p I˜2p/C0
The Source Term S(x, t) S˜(x˜, t˜)/S⋆
Diffusivity of Water Dw D˜w/D⋆
Diffusivity of Oxygen Do D˜o/D⋆
Diffusivity of Organic Inhibitor DI1 D˜I1/D
⋆
Diffusivity of Inorganic Inhibitor DI2 D˜I2/D
⋆
Time t t˜/T
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Table 3.2: Non-dimensional Groupings
Grouping Name Label Grouping Magnitude
Aspect Ratio ε dL 0.01 = O(ε)
Time Ratio for Diffusion Φ L
2
D⋆T 386.28 = O(1)
over Length L/Time of Corrosion
Mass Transfer for B1 k1dD⋆ .0007 = O(ε
2)
Bulk/Coating Biot Number
Mass Transfer for B2 k2dD⋆ .0007 = O(ε
2)
Coating/Product Zone Biot Number
Mass Transfer for B3 k3dD⋆ .0007 = O(ε
2)
Product Zone/Metal Biot Number
Time Ratio for NA L
2S⋆
D⋆C0
449.458 = O(1)
Diffusion/Release of Inorganic Inhibitor
36
CHAPTER IV
NUMERICAL SOLUTIONS
In order to obtain numerical solutions, the governing system of equations (3.92)-
(3.115) must be discretized. This chapter details the discretization of the equations
and shows how the numerical code was created. A table of the parameter values used
in the model is also included.
4.1 Discretization
The numerical solutions were obtained using the Crank-Nicolson Method where the
diffusivity term [Dux]x is discretized using half steps. In the following equations xi
is the current x position, and tn is the current time step. Therefore xi+1 is one grid
point to the right of the current x position and xi−1 is one grid point to the left. The
next time step is represented by tn+1.
4.1.1 Coating
Starting with the coating equations (3.92)-(3.95), we use the central difference formula
on [Dux]x, where u represents a generic concentration. First this term is divided into
half steps giving
[Dux]x =
(Dux)i+1/2 − (Dux)i−1/2
2(dx/2)
. (4.1)
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The diffusivity at i+ 1/2 is averaged between grid points i and i+ 1, so that D+ =
1
2(Di+Di+1). The diffusivity at i−1/2 is handled similarly, so thatD− = 12(Di+Di−1).
Now that the diffusivity is divided into half steps the central difference formula can
be applied
[Dux]x =
D+
(ui+1−ui
dx
)−D− (ui−ui−1dx )
dx
(4.2)
=
D−ui−1 − (D+ +D−)ui +D+ui+1
dx2
. (4.3)
This term is then averaged over both time steps so
[Dux]x =
D−un+1i−1 − (D+ +D−)un+1i +D+un+1i+1
2dx2
+
D−uni−1 − (D+ +D−)uni +D+uni+1
2dx2
.
(4.4)
The time derivative Φut is discretized using the forward difference formula to obtain
Φut = Φ
un+1i − uni
dt
. (4.5)
The terms involving the mass transport coefficients are averaged over both time steps,
k1d
D⋆
u =
k1d
2D⋆
(un+1i + u
n
i ), (4.6)
k2d
D⋆
u =
k2d
2D⋆
(un+1i + u
n
i ). (4.7)
The resulting discretized equation is
Φ
un+1i − uni
dt
=
D−un+1i−1 − (D+ +D−)un+1i +D+un+1i+1
2dx2
+
D−uni−1 − (D+ +D−)uni +D+uni+1
2dx2
− k1d
2D⋆
(un+1i + u
n
i )
− k2d
2D⋆
(un+1i + u
n
i ) +
k1d
D⋆
+
k2d
D⋆
up +
L2S⋆
D⋆C⋆
S(xi, tn), (4.8)
where the source term is present only in the inorganic inhibitor equations.
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4.1.2 Product Zone
The product zone equations are discretized as those in the coating. The (w + H)
term is discretized using half steps. The (w +H) term at i+ 1/2 is denoted wHp =
1
2(wi +Hi + wi+1 +Hi+1). The (w +H) term at i− 1/2 is denoted wHm = 12(wi +
Hi + wi−1 +Hi−1). The discretized product zone equation is
Φ(w +H)
un+1i − uni
dt
=
frac12wHmD−ui−1 − frac14(wHp+ wHm)(D+ +D−)ui + frac12wHpD
dx2
− k2d
2D⋆
(un+1i + u
n
i )−
k3d
2D⋆
(un+1i + u
n
i ) +
k2d
2D⋆
(uc + uc)
where the k3 term is present only in the organic inhibitor equation.
Table 4.1 lists the parameters that are used in the model. These values are
the baseline values to show the representative behavior of the model qualitatively.
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Table 4.1: Baseline Parameter Values
Parameter Label Value Unit
Bulk Water Conc. Wbulk 0.013 mol/cm3
Bulk Oxygen Conc. Obulk 2.7E − 7 mol/cm3
Initial Organic Inhibitor Conc. I1(i, 0) 1 mol/cm3
Inorganic Inhibitor Conc. C0 5.56 mol/cm3
Coating Thickness d 0.01 cm
Water Mass Transfer Coef. k⋆w 7E − 8 cm/s
Oxygen Zone Mass Transfer Coef. k⋆o 1E − 7 cm/s
Organic Inhibitor Mass Transfer Coef. k⋆I1 7E − 8 cm/s
Inorganic Inhibitor Mass Transfer Coef. k⋆I2 7E − 8 cm/s
Release Rate of Inorg. Part. rr (Co ∗R)/(T1 ∗Xtime) g/cm2s
Radius of Inorganic Particles R 0.0001 cm
Particles per Volume ρ 8E14 1/cm3
Chlorine Concentration Cl 5.472E − 4 mol/cm3
Iron(II) Hydroxide Density ρFe 7.874 g/cm3
Iron(II) Carbonate Density ρFeOH2 3.4 g/cm3
Iron Density ρFeCO3 3.960 g/cm3
Faraday’s Constant F 96485.3365 As/mol
Molecular Weight of Iron Mw 58.6934 g/mol
pH PH 5 NA
scaleW scaleW 7 NA
scaleAdh scaleAdh 7 NA
scaleP scaleP 1E5 NA
Water Diffusivity D⋆w 4.88E − 8 cm2/s
Oxygen Diffusivity D⋆o 1E − 6 cm2/s
Organic Inhibitor Diffusivity D⋆I1 1E − 7 cm2/s
Inorganic Inhibitor Diffusivity D⋆I2 1E − 7 cm2/s
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CHAPTER V
REVIEW AND FUTURE WORK
5.1 Conclusion
This paper presents the derivation of a model for how inhibitors contained in a coating
help slow down the corrosion damage to a metal plate. The system includes a bulk
electrolyte layer, a coating that contains organic and inorganic inhibitors, an adhesion
layer, a protective layer, a corrosion product zone, and a metal plate. This model
is derived using properties of iron, but can be used to analyze different metals by
changing the properties.
The governing equations found in Chapter 2 are reduced to one dimension us-
ing asymptotic analysis. The governing equations discritized using the Crank Nichol-
son method. The next steps for this model would be to develop and run code to
solve the governing equations. We speculate that if the code were run first without
the inhibitors and then again with the inhibitors, the diffusivity would be slower, the
adhesive and protective layers would last longer, and the damage of the metal would
decrease with inhibitors. A parameter study could be run by changing the amount
of inhibitors and the amount of time the model is run to see how the results change.
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5.2 Future Work
Organic and inorganic inhibitors are the two main types of inhibitors, but there are
other inhibitors that can be considered. There is research being conducted on self-
healing coatings. Self-healing coatings contain inhibitors that take electron and create
a resultant that creates another protective layer over the coating. The model can be
improved by using these self-healing coating inhibitors as an addition to the current
organic and inorganic inhibitors.
The model remains surrounded by the bulk electrolyte layer constantly. This
allows water and oxygen to continuously enter the coating from the bulk. While that
may simulate pipes that always contain water, it doesn’t simulate a metal that only
gets wet when it rains. Another improvement to the model would be to include wet-
dry cycles that give the coating time to dry and water can only get in the coating
when it exists in the bulk.
A limitation of the model is that there is not much known about how the
inorganic inhibitors dissolve in the presence of water, how the organic inhibitors affect
the diffusivity, or how the inorganic inhibitors affect the anodic and cathodic polar-
ization curves. These are estimated for the purposed of the model. More knowledge
of these phenomena would help improve the model.
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